ABSTRACT In order to characterize the surface quality of machined parts, researchers have proposed a family of coordinate transformation-based approaches to deal with the contour following problem, which alleviate the computational consumption of calculating the contouring error. However, there are some drawbacks in the existing approaches, e.g., the limitation in two-dimension and the specification of certain contour error estimation methods. In this paper, we propose a novel task polar coordinate frame based on the spatial snapshot at a given time. The advantages of the proposed frame possess the following highlights. First, the frame requires no specification for a certain contouring error estimation approach, which generalizes its applications to desired contours with different curvatures or torsions. Second, the frame can be applied in both two-and three-dimensions. Third, the dynamics of the three-dimensional contour following system can be equivalently transformed into a two-dimensional problem along the radial and angular axes in the proposed frame, and the obtained problem is thus further transformed into a two-dimensional decoupled regulation problem, which can be solved by the computed-torque control technique and the proportional-derivative controller. The experiments are performed on an industrial three-axis machine tool, and the results confirm the capability of the proposed frame in addressing the three-dimensional contour following problem, and its generalization to different contour error estimation approaches. Moreover, we examine the computational cost of our frame and prove that it can be applied in real-time industrial control systems.
I. INTRODUCTION
Generally, the objective of motion control is to reduce the tracking error and follow a planned trajectory, where the tracking error is defined as the changing distance between the desired position and the actual position with respect to time. However, the tracking control based on the tracking error may not lead to satisfactory performances or fail to characterizes the surface quality of machined parts in machining. This owes to that it is the contouring error that depicts how far away the actuator deviates from the desired contour instead of its desired position, where the contouring error is defined as the changing distance from the actual position to the desired contour with respect to time. In order to achieve an acceptable surface quality in machining, the contouring error should be paid more attention when designing contouring controllers.
The associate editor coordinating the review of this manuscript and approving it for publication was Nishant Unnikrishnan.
In literature, there exist several contouring control approaches, which can be categorized into two groups. The first is the cross-coupled control (CCC), which is first proposed by Koren in [1] , [2] and developed into various variations. For example, Yeh and Hsu develop the modified variable-gain CCC in [3] to obtain variable gains efficiently in multi-axis systems, Cheng and Lee develop the tangential-contouring controller in [4] for real-time contour error controls, and Huo and Poo propose the generalized CCC for any free-form contour [5] . Due to its simple structure, it has been widely applied in industries, such as the biaxial machine tool [6] , the multi-axis machine tool [7] and so on. However, its contouring performance is limited since the system dynamics is not taken into consideration [8] .
The second group is the coordinate transformation based approaches, which are motivated by the difficulty in directly controlling the contouring error in the world Cartesian coordinate frame (WCCF). Following the concept of the coordinate transformation, Hu proposes an orthogonal global task coordinate frame (GTCF), and proves its effectiveness and high-precision for the contouring control of free-form contours in two-dimension in [9] . Various control methods such as the adaptive robust control [10] - [12] , the iterative learning control [13] , the nonlinear compensation [14] , [15] can be applied not only in WCCF but also in GTCF. Chen et al. establish the fixed polar coordinate frame for circular contours in [16] . Later, a moving task polar coordinate frame (TPCF) is established for free-form contours in [17] . They locally approximate the desired contour using its osculating circle at the desired position. One drawback of the above mentioned coordinate frames are only applicable for two-dimensional contours. For three-dimensional problems, Chiu and Tomizuka propose a task coordinate frame (TCF) in [18] . They approximate the contouring error with the tangent approximation method, i.e. the local first-order estimation of the contouring error. TCF has been used in various applications, such as the parallel kinematics machine [19] , the five-axis machine tool [20] and so on. However, the tangent approximation approach limits its widely application in practice, especially for free-form contours [21] . As an extension of TCF, the novel TCF (nTCF) is proposed to fit all kinds of contouring error estimation approaches in [22] . Though TCF and nTCF have been proved to be effective for three-dimensional contour following problems, the Cartesian coordinate frame is featured by linear orthogonal axes, which is intrinsically not the best choice to characterize curvilinear free-form contours.
In this paper, we propose a novel task polar coordinate frame (nTPCF) for curvilinear free-form contours based on a curvilinear coordinate frame. With help of nTPCF, we are able to solve both two-and three-dimensional contour following problems effectively. The contributions of this paper are fourfold. First, the proposed nTPCF is applicable to any existing contouring error estimation approach, such as the linear approximation [18] , the circular approximation [21] and so on [23] . Second, the proposed frame can be applied on both two-and three-dimensional contour following problems. Third, based on nTPCF, we can equivalently transform and effectively decouple the system error dynamics into a two-dimensional problem in a planar polar coordinate frame. Last, experimental performances of the contouring control based on nTPCF confirm its applicability in real-time industrial control systems. This paper is organized as follows. In section II, we will briefly introduce the existing coordinate transformation based approaches, i.e. TCF, nTCF, TPCF and GTCF, and then establish the proposed novel task polar coordinate frame, which is followed by a detailed comparison of these approaches. In section III, the system dynamics is analyzed both in WCCF and in nTPCF, and a contour controller is designed. In section IV, a series of experiments are conducted and results on the control performances will be discussed. Finally, conclusions are presented in section V. 
II. COORDINATE TRANSFORMATION BASED FRAMES
In this section, the existing TCF, nTCF, GTCF and TPCF are briefly reviewed. Then, the novel task polar coordinate frame is proposed, which is followed by a detailed comparison of these frames.
A. COORDINATE FRAMES IN LITERATURE 1) TASK COORDINATE FRAME
We will demonstrate TCF by means of Fig. 1 , where xyz is the world Cartesian coordinate frame, x d (t) : R → R 3 is the desired spatial differentiable contour in WCCF, and t represents time. At the given time t and under WCCF, the current position A is denoted by x A (t), and its desired position D is x D (t). tnb is the Frenet frame [24] at D, where t, n, b represent the tangent, normal and binormal direction of the desired contour at D. B is the projection of A on the t − n plane, and F is the point on the desired contour which is closest to A in space. Accordingly, the transformation from the WCCF to TCF can be established using the following mapping function,
where f(t) is the coordinate of x(t) in TCF, and R is the invertible rotation matrix. Vice versa, the transformation from TCF to WCCF is
By definition, the advancing error, denoted by adv , is the distance from the desired position D to the projection of the current position F along the desired contour, and the contouring error, denoted by con , is the shortest distance from the current position to the desired contour. However, when the desired contour has a complicated formulation or is of freeform, it may be quite time-consuming to find the coordinate of F and thus fail to be applied in real-time control systems. An empirical method is to approximate the desired contour around the neighbour of D, and find the estimated coordinates of F. In [18] , the authors adopt the tangent approximation and thus, the estimated coordinate, denoted by E, of F is the projection of A to the tangent line of the desired contour around D. Since the tangent line is exactly along axis t, the contouring error is estimated by con ||EA||. In the rest of VOLUME 7, 2019 FIGURE 2. The novel task coordinate frame (nTCF). this paper, we will not distinguish the estimated contouring error and the real contouring error, if not specially noted. In the theory of motion control, the contouring error con describes the contouring performance and the advancing error adv describes the advancing performance.
2) NOVEL TASK COORDINATE FRAME
In order to generalize TCF for different contouring error estimation methods, Shi et al, propose the novel task coordinate frame in [22] . Fig. 2 illustrates nTCF with the same notation as in Fig. 1 . A coordinate frame nbt is established at E, where n represents the direction EA, b represents the normal direction of the plane passing through A, D and E, and t is the cross product of n and b. D is the projection of D on axis t.
From Fig. 2 , we have the contouring error con = ||EA||. It should be noted that in TCF, the three-dimensional contour following problem in WCCF is transformed into a two-dimensional problem in the constructed frame along axis n and axis t, since axis b is perpendicular to the contour following plane.
3) GLOBAL TASK COORDINATE FRAME Different from TCF and nTCF, the global task coordinate frame utilizes a curvilinear coordinate to describe the contouring error for two-dimensional contour following problems, which is illustrated in Fig. 3 . Similar to the notations in Fig. 1 , xy is the world Cartesian coordinate frame and x d (t) : R → R 2 is the desired planar contour in WCCF. A, D, E are the current position, the desired position, and the point on the desired contour which is closest to A, at the given time t. Additional assumptions include that the desired contour can be expressed as f (x(t)) = 0, and is first-order differentiable, where f : R 2 → R. In GTCF, Yao et al. establish a curvilinear coordinate frame r c r m at E in [10] , where the coordinates in the frame are defined as follows,
where ∇f (x(t)) is the partial derivatives of f with respect to x, g(x(t)) is a specified function that is orthogonal to f (x(t)). Yao et. al. prove that r c (t) is the first order estimation of the contouring error, and the curvilinear coordinate r m (t) depicts the motion along the desired contour, which means that the contouring error and advancing error in GTCF is
where ED is the distance along the desired contour from E to D.
4) TASK POLAR COORDINATE FRAME
Lou and Meng propose the task polar coordinate frame to control the two-dimensional contour following problem, as shown in Fig. 4 . For a planar contour, we can establish the Frenet frame uv at the desired position D. Then due to the existence of the unique osculating circle tangent to the desired contour at D, we can draw a circle centred at O with radius r d . Originated from the osculating circle, TPCF can thus be established by taking O as the pole center and line OD as the polar axis. In this approach, the contouring error and the advancing error can be estimated as follows,
where r is the distance from t A to O, r d is the radius of the circle, and θ is the angular distance from OD to OE. Therefore, the contour following problem WCCF is transformed into a two-dimensional control problem along the radial and angular directions.
B. NOVEL TASK POLAR COORDINATE FRAME
In this subsection, we will first introduce the establishment of the proposed coordinate frame, and discuss several special cases when the uniqueness of the frame can not be guaranteed. Then a thorough analysis of nTPCF will be presented.
1) ESTABLISHMENT OF NTPCF
In this subsection, we use the same notation as Fig. 1 , where the desired contour is x d (t), the current position is A, the desired position is D, the estimated nearest point on the contour to A is E. Fig. 5 illustrated the main concept in nTPCF in three-dimension. Remind that for the sake of computational efficiency, E often deviates from its actual position if a certain approximated approach is used in practice. In Fig. 5 , E is shown in the desired contour for simplicity. When using some contouring error estimation methods such as tangent approximation or circular approximation [18] , [21] , [23] , position E may not be on the desired contour, but the establishment of nTPCF is similar. In experiments parts, for two-dimensional experiments, an ellipse contour is used as desired contour, thus the real coordinates of position E can be calculated based on our early research [27] . For three-dimensional experiments, a tangent approximation based contouring error model [18] is used to estimate the coordinates of position E. Then the main procedures in the establishment of nTPCF are as follows. obtained by
which is the same as the task polar coordinate frame in expression. However, questions may arise on the existence and uniqueness of nTPCF. By looking through the procedures above, we have the following proposition.
Proposition 1: The novel task polar coordinate frame exists and is unique if the following conditions are satisfied, 1) AE is not perpendicular to ED; 2) A, D and E are not coincident; 3) A, D and E are not collinear. Proof: Since AE ⊥ ED and A, D, E are not coincident, we know that line EA and ED must intersect with each other and the existence and uniqueness of the point O and the plane p can also be guaranteed. Since nTPCF is established exactly on the plane p, the frame exists and is unique.
To make the proposed frame universal, we will discuss the special cases when the proposed frame is not unique, i.e. one or more conditions in Proposition 1 are violated.
1) AE⊥ED.
This case implies that A, D and E are not coincident, and is illustrated in Fig. 6 , where line AE ED. Thus no intersecting point O exists. By taking A as the pole center O and line AD as the polar axis, we establish the unique nTPCF. In this case, the contouring error and the advancing error are ||AE|| and θ, respectively, both of which are to be reduced for the spatial contour following. 2) Two or more of D, A, and E are coincident.
We will discuss all three possible situations, i.e. D and E are coincident, A and E are coincident, A and D are coincident. First, D coincides with E. In this case, we establish the unique nTPCF by taking A as the pole center O, and line AD as the polar axis to make sure the uniqueness of the proposed frame, as shown in Fig. 7 -(a). Under this circumstance, the contouring error and the advancing error are ||AE|| and 0, respectively. Second, A coincides with E. In this case, we establish the unique nTPCF by taking A (also E) as the pole center O, and line AD as the polar axis, as shown in Fig. 7 -(b). Under this circumstance, the proposed frame is unique, and the contouring error and the advancing error are 0 and π, respectively. Third, A coincides with D. In this case, A, D, and E represents the same position in space, which implies a perfect tracking. The nTPCF can be established by taking A (also D or E) as the pole center O and the tangential direction of the desired contour at D as the polar axis. Therefore, the uniqueness of the proposed frame is guaranteed and the contouring error and the advancing error are 0 and 0, respectively. 3) D, A, and E are distinct but collinear. Fig. 8 illustrated this situation. To establish the unique nTPCF, we take A as the pole center O and line AD as the polar axis. Therefore, the contouring error is AE , and the advancing errors is either 0 or π, depending on the spatial relations of the three collinear points. Therefore, following the establishment procedures in this section, we can obtain a unique novel task polar coordinate frame for a spatial contour following problem, which is independent from the contouring error estimation methods. 
2) ANALYSIS OF NTPCF
Based on the establishment of nTPCF in the previous subsection, we will investigate the properties of the proposed frame in detail.
Property 1: The novel task polar coordinate frame is independent from the contouring error estimation approaches.
This property is obvious since the establishment is based on the assumption that the estimated point which is closest to the current position is already acquired. Therefore, when applying nTPCF in contour following problem, we can adjust the approximation methods to better fit the desired contour with different curvatures.
Property 2: Based on nTPCF, we can transform a three-dimension spatial contour following problem into a two-dimension control problem. Analysis Given a novel task polar coordinate frame in three-dimension, as shown in Fig. 9 , where xyz is WCCF, O is the pole center of nTPCF, D is the desired position, A is the current position, E is the estimated closest point on the contour to A.
Since it is complicated to transform from WCCF to nTPCF, we take advantage of an intermediate coordinate frame at E. As a consequence, the transformation can be accomplished by the following three steps.
Step 1: Construct an intermediate coordinate frame
Since E depicts the contouring performance of the system, a local coordinate frame, say nbt, can be established around E, so that the transformation from WCCF to nTPCF can be obtained efficiently. Let n be the axis along EA, b be the axis along the normal direction of plane p, and therefore, t is determined by the right-hand law. To be detailed, the formulation of the frame nbt is as follows.
Step 2: Transformation between WCCF and nbt. Let x(t) and h(t) denote the same point in WCCF and in ntb, respectively. Then the transformation between WCCF and ntb can be formulated as follows,
where R hx (t) is the rotation matrix from the intermediate frame to WCCF and x E (t) is the coordinate of E in WCCF.
Step 3: Transformation between nTPCF and nbt. Let r(t) = [r(t) θ(t)] T denote polar coordinates of a point in nTPCF. Then the transformation between nTPCF and nbt can be derived as follows,
where the rotation matrix J (t) and offset vector v(t) are
and J † (t) is the generalized inversion of J (t).
Step 4: Transformation between nTPCF and WCCF. By combining (1) and (2), the coordinate transformation from nTPCF to WCCF is obtained as follows,
Following the above steps, the coordinate transformation can be achieved. If the composite rotation matrix R hx (t)J (t) satisfies some conditions, the transformation (3) is invertible. From the transformation (3), we can see that the contouring control problem in WCCF, which aims at navigating x(t), can be equivalently transformed into a two-dimensional contouring control problem, which only needs to control r(t) and θ(t). Such a reduction in problem dimension owes to the fact that the contouring error and the advancing error we need to control in the contour following problem are determined by three points in the space, namely the current position, the desired position and the closest point on the contour to the current position. Therefore, it is adequate to construct a plane passing through the three points on which we could design effective and efficient control laws to reduce the errors. One of the potential benefits of the reduction in the problem dimension lies in the simplification of the control laws or the alleviation of the computation efforts to some extent.
C. COMPARISON OF EXISTING COORDINATE FRAMES
In this section, we have introduced the existing coordinate transformation frames, i.e. TCF, nTCF, GTCF and TPCF, and proposed the novel task polar coordinate frame. In order to have a better understanding of these frames, we will present and discuss their similarities and differences in detail.
First of all, in terms of the contour following tasks, TCF, nTCF, GTCF and TPCF are proved to be effective in industrial applications, as discussed in Section I. We will also prove the effectiveness of our frame in Section IV. However, it is their differences that determine the different scenarios for applications.
Among these frames, we can see that GTCF and TPCF are only applicable for two-dimensional contour following problems, while the others can also be extended to three-dimensional problems. GTCF utilizes the first-order Taylor expansion of the contouring error, which implies that the analytic expression of the desired contour is required. However, it may happen in practice that the contouring error is of free-form where analytic formulation can not be obtained. Moreover, it may also happen that the desire contour is of large curvature of torsion, where the estimation error using the first-order Taylor expansion is so large that the control accuracy can not be guaranteed. TPCF approximates the contour error with the local osculating circle on the osculating plane of the desired contour at the desired position. It is obvious that more accurate control can be achieved when the desired contour shares similar shape with a circle.
As to the frames which are applicable for three-dimensional contour following problems, TCF utilizes the tangent approximation of the contouring error, while nTCF is independent of approximation methods. Like GTCF and TPCF, TCF is limited in applications when the contour is of large curvature or torsion, which leads to large estimation errors and defects the control accuracy. When considering nTCF and nTPCF, one of the common feature is the independence of the estimation methods for contouring errors. However, there are still some differences. First, nTCF is a Cartesian coordinate frame while nTPCF is a polar coordinate frame. From Fig. 2 , we can see that the contouring performance and advancing performance of nTCF are determined by control errors in direction n and direction t. If the errors are small enough, the end-effector's position A will be driven to D , which is the projection of D to axis t. For tangent approximation based contouring error model, D and D are coincident since D is also on tangent line. However, for other existing contouring error estimation approaches, D deviates from D , which means that under the designed control using nTCF, it may lead the end-effector to a position that deviates from the desired position and loses its accuracy. On the contrary, since nTPCF decouples the contouring error and the advancing error in the radial and angular direction, as shown in Fig. 5 . If the errors are small enough, the end-effector's position A will be driven to position D, which is exactly what we want. Therefore, no matter which contouring error estimation approach is used, nTPCF can always lead to more rational control performances than nTCF.
III. SYSTEM DYNAMICS AND CONTROLLER DESIGN
In this section, the system dynamics of a three-axis machine tool is transformed from WCCF to nTPCF following VOLUME 7, 2019 Equ. (3) , and the contouring controller is designed to control the contouring error and advancing error independently.
A. SYSTEM DYNAMICS IN WCCF
Three-axis machine tools are generally designed orthogonally, where the motion axes are coincident with the coordinate axes of a Cartesian coordinate frame. The dynamics of each motion axis is usually modeled as a second-order linear dynamic system [18] , [25] ,
where m i , c i , k i and g i (s) are the mass, the damping, drive gain, and the transfer function for axis i. Denote the position by x ∈ R 3 in WCCF, and the control input by u ∈ R 3 , the system dynamics of the three-axis machine tool can be expressed in the matrix form,
where M , C are constant diagonal matrices representing the mass and the damping, respectively.
B. SYSTEM DYNAMICS IN NTPCF
Taking the first-and second-order derivatives to the transformation in (3) with respect to time t, we havė
where R J (t) = R hx (t)J (t), and v J (t) = R hx (t)v(t) + x E (t). Substituting (5) and (6) into (4), the system dynamics in nTPCF is obtained as following,
Note thatM ,C, andK are nonlinear and time-dependent since R J consists of time-dependent trigonometric functions. Based on Equ. (7), controllers can thus be designed in nTPCF.
C. CONTROLLER DESIGN IN NTPCF
Various controllers can be designed and applied to the system dynamics described by Equ. (7) . Define the error vector in the proposed nTPCF by e, where
Note that θ d (t) ≡ 0 since D is on the polar axis. From Equ. (8), we can see that the error vector describes both the contouring performance by con (t) and the advancing performance by adv (t). Using the computed torque control technique [26] and applying the proportional-derivative (PD) controller, we design the control input as follows.
where K v , K p are control parameter matrices. By substituting (9) to (7), we obtain the close-loop error dynamics as following,ë
If K v and K p are positive definite and symmetric matrices, the closed-loop system is exponential convergent [26] . Therefore, in order to guarantee the convergence and specify individual dynamics for the advancing and the contouring errors, K v and K p should both be chosen to be diagonal, i.e. 2 , and k pθ = (2πf θ ) 2 , where ξ r , ξ θ , f r , f θ and f r are tunable parameters. With the help of the Laplace transformation, the closed-loop system (10) can be expressed as,
which are decoupled typical linear second-order systems. In order to achieve critically damped dynamics, the damping ratios ξ r and ξ θ should be constants, and f r and f θ are tunable control parameters for the contouring performance and advancing performance, respectively. This implies that we can control the contouring performance and the advancing performance independently.
D. SYSTEM DYNAMICS IN TCF, GTCF AND TPCF
Similar to the transformation from WCCF to nTPCF, the system dynamics in WCCF can be transformed to TCF, nTCF, TPCF, and GTCF in the following form.
Mp +F(ṗ, p) =û, whereM is the transformed inertia matrix,F(ṗ, p) is the nonlinear term andû is the control input represented in each task frame. If the computed torque control technique and PD controllers are also applied in these task frames, the closedloop dynamics become classic second-order regulating systems for each task frame, as shown in (12), (13), (14), (15, respectively.
FIGURE 10. Experimental setup.
For TCF based control, the contour following problem is transformed to three decoupled regulation problems in the tangent, normal and binormal direction, respectively, as described in Equ. (12) . By tuning f t , f n and f b , we can control the advancing performance and the contouring performance independently.
For nTCF/GTCF/TPCF based controls, the contour following problem can be reduced to a two-dimensional decoupled regulation problem along the corresponding axes in the frames, as described in Equ. (13)- (15) .
IV. EXPERIMENTS AND DISCUSSION
In this section, we will conduct a series of experiments to compare the performances of nTPCF with TCF, nTCF, TPCF and GTCF based control approaches, and analyze the computation cost of these approaches.
A. EXPERIMENTAL SETUP
In these experiments, we use the industrial 3-axis machine tool as the experiment platform, whose motors and drives of the X and Y axes are provided by Yaskawa , and those of the Z axis are from Servotronix . We also use the MicroLabBox real-time controller as the motion control card, so that the control program can be implemented in Matlab/Simulink with the sampling rate of 1 kHz. We set all the servo drives in the velocity mode, and implement the closed position loop via the MicroLabBox controller based on the coordinate frames to be compared. Fig. 10 shows the experimental setup.
Due to the decoupled design of the three-axis machine tool, we can identify the dynamics of each motion axis independently. The identification is completed as follows. First, we use the sweep-frequency sinusoidal signal to excite the machine dynamics. Then we obtain the input-output transfer functions along the X-, Y-, and Z-axis by applying the system identification toolbox of Matlab 2015b on Windows 7 on the input and output data which is obtained in the previous step. The identification result is as follows. where g x , g y , and g z are of axis X, Y, and Z, respectively. Moreover, we will also set the damping parameters in the control system as constant 1 in all experiments.
B. VERIFICATION OF NTPCF
In this subsection, we will carry out experiments to confirm the validation of Property 2 of the proposed nTPCF. We choose the spatial ellipse contour as the desired contour, which is expressed in WCCF as follows,
where a = 50 mm, b = 50 mm, c = 20 mm, and ω =1 rad/s. It implies that the period of the desired contour is 2π s. Fig. 11(a) shows the desired contour and Fig. 11(b) plots its velocity with respect to time t. In addition, we choose the tangent approximation [18] as the contour error approximation method.
First, we will examine how the control parameter f r influences the contouring performance. Fix f θ = 10 Hz, and increase f r from 10 Hz to 40 Hz with a step size 10 Hz. With the experimental setup described in Section IV-A and the desired contour (16), we obtain the experiment results on the contouring error and the advancing error, as presented in Fig. 12 . It can be seen that with the control parameter increasing from 10 Hz to 40 Hz, the contouring error decreases from 1.307 mm to 0.087 mm, correspondingly. It means that f r has a decreasing marginal effect on the contouring error, which implies that though a larger f r can result in a smaller contouring error, it may not improve much in the contouring error with a much larger f r . In addition, Fig. 12 shows that the advancing error keeps approximately constant with a changing f r . This reflects that f r influences mainly the contouring performance, but has no significant impact on the FIGURE 12. Contouring error con and advancing error con by increasing f r and fixing f θ = 10 Hz. advancing performance, which verifies the decoupled control of the contouring error and the advancing error in Equ. (11) .
Next, we will examine how the control parameter f θ influences the advancing performance. Fix f r = 40 Hz, and increase f θ from 10 Hz to 50 Hz with a step size 10 Hz. Under the same experimental setup, we obtain the results on the contouring error and the advancing error as shown in Fig. 13 . From Fig. 13 , we can see that with the increasing f θ , the advancing error decreases from 0.288 rad (f θ = 10 Hz) to 0.283 rad (f θ = 50 Hz). It shows that a larger f θ leads to a smaller advancing error. Likewise, Fig. 13 shows that the contouring error keeps almost constant with changing values of f θ . That reflects that f θ influences mainly the advancing performance, but has no significant impact on the contouring performance, which verifies the decoupled control of the contouring error and the advancing error in Equ. (11) as well.
The above two experiments confirm that the contouring and advancing performances can be independently controlled by the two parameters, f r and f θ , which appear in the system dynamics in nTPCF. Further, the control performances in the experiments also confirm that the transformation of the dynamics from WCCF to nTPCF simplifies the motion controller design in tuning less control parameters. 
C. TWO-DIMENSIONAL CONTOUR FOLLOWING
In this subsection, we will discuss the performances of nTPCF in solving two-dimensional contour following problems compared to the other coordinate transformation based approaches. Among the existing coordinate transformation frames, GTCF and TPCF are only applicable on two-dimensional contour following problems. For comparative purpose, we will compare the control performance of GTCF, TPCF and nTPCF based methods in this experiment.
It should be noted that GTCF requires the first-order estimation of the real contouring error, and TPCF specifies the osculating approximation method. To implement nTPCF, we will choose the real contouring error for nTPCF for comparative purpose. The real contouring error calculation for ellipse contour is described in our early research [27] . The desired contour is a planar ellipse formulated in WCCF as follows,
where the unit of coordinates is mm. According to the system dynamics described in Equ. (11), Equ. (14), and Equ. (15) for nTPCF, GTCF, and TPCF, respectively, we can manually tune the control parameters in each dynamics and ensure the best contouring and advancing performances simultaneously. For the sake of conciseness, we will not demonstrate the tuning process. With the same experimental setup as Section IV-B, we illustrates the estimated and real contouring errors under GTCF and TPCF, together with the real contouring error under nTPCF in Fig. 14 . We also present the maximum and mean of the contouring errors of these approaches in Table 1 , where the subscript ES indicates the utilization of estimated contour errors, and RE the real contouring error. From the results in Fig. 14 and Table 1 , we can figure out that the nTPCF bases approach possesses the best contouring performance compared to the other two approaches. One reason may lie in the fact that nTPCF based approach utilizes the real contouring error model in two-dimensional experiments. For TPCF, the contouring error model is based on circular approximation, and the GTCF's contouring error is based on the first order taylor expansion of the real contouring error. Since more accurate contouring error model can be applied in nTPCF, the control performance of nTPCF should be better than TPCF and GTCF.
D. THREE-DIMENSIONAL CONTOUR FOLLOWING
In this subsection, we will discuss the performances of nTPCF in solving three-dimensional contour following problems compared to TCF and nTCF, and analyze the benefits of the reduction in the dimension of the control problem.
Among the existing coordinate transformation based approaches, TCF and nTCP are the only approaches that are applicable on three-dimensional problems. Since TCF requires the tangent approximation method and nTCF has no specifications, we will choose the tangent approximation method to compare the performances of TCF, nTCF, and nTPCF.
The desired contour in this experiment is a helix, whose formulation in WCCF is
where the coordinate unit is mm. Fig. 15 , After the parameter tuning process, we obtain the experimental results as shown in Fig. 16 and Fig. 17 illustrates the contour and its velocity with respect to time. Fig. 16 illustrates the contouring and advancing performances of TCF and nTCF based approaches. It can be seen that the control performances are almost the same for TCF and nTCF, since they use the same contouring error approximation method. This confirms the conclusion provided in [22] . However, it should be noticed that from the system dynamics in Equ. (12) and Equ. (13), we can see that nTCF can achieve the same performances as TCF with fewer control parameters, which benefits the parameter tuning process. Moreover, nTCF overwhelms TCF in the universal adaptation to different contouring error approximation methods. Fig. 17 illustrates the steady-state contouring and advancing errors under nTCF and nTPCFãĂĆIn nTPCF, the max and mean value of radial error (estimated contouring error) r are 0.046 mm and 0.015 mm. In nTCF, the max and mean value of normal error (estimated contouring error) n are 0.05 mm and 0.045mm. It can be seen that the maximum of the contouring error are similar for both frames, while nTPCF can achieve a much smaller mean value. This owes to the fact that nTPCF utilizes the polar coordinate and can perform better in the advancing direction, as discussed in Section II-C. However, since in most cases the estimated contouring error does not deviate too much from its real value, the difference in the contouring performance is less obvious.
E. COMPUTATION COST
In this subsection, we will discuss the computation cost when applying nTPCF, TCF, nTCF, GTCF and TPCF on contour following problems.
One of the most commonly used methods to measure the computation cost is to run the experiments with different interrupt periods. Typically speaking, when the interrupt period is long enough, the interrupt will not overflow and perform normally, which implies that the computation can be accomplished within the given period. However, with the interrupt period decreasing, it will reach a lower threshold when interrupt starts to overflow, which means that the control input can not be computed in time. Generally, such a lower threshold can be regarded as an estimation of the computation time for the controller to function normally.
In this experiment, we will observe the overflow of the interrupt with a Tektronix oscilloscope TDS2012, which captures the output signal of the I/O port of the dSpace controller. If the overflow occurs, we will observe a default low level signal. Otherwise, it will output a regularly rectangular wave. We initiate the interrupt period as 1 s and decrease it by a step size of 0.2 µs until we observe interrupt overflows. Fig. 18 shows the output signals of the I/O port with the lower threshold of the interrupt periods, which is the time difference between the cursor 1 and cursor 2. It can be seen that the thresholds for TCF, TPCF, GTCF and nTCF and nTPCF based approaches are 16.8 µs, 18.4 µs, 18.8 µs and 20.0 µs, respectively. Compared to existing approaches, the nTPCF based approach needs more computation of transformations, whose computation burden may hinder its application in real-time control. However, the experiment results deviate less from each other and are quite smaller than the typical servo period in real-time industrial control systems, which is 1 ms.
V. CONCLUSION
In this paper, we propose a novel task polar coordinate frame. The main contributions are fourfold. First, the proposed frame requires no specification of the contour error estimation approaches, which makes it applicable for desired contours of different curvatures or torsions. Second, it is universal to solve both two-and three-dimensional contour following problems effectively and efficiently. Third, due to the establishment of an intermediate local frame, the dynamics of the three-dimensional contour following problem can be equivalently transformed into a two-dimensional uncoupled regulation problem along the radial and angular axis of the proposed frame with the help of the computed-torque control technique. Last, through the results of a series of experiments, we prove that the proposed frame outperforms the other existing coordinate transformation frames in addressing three-dimensional contour following problems and generalizing to different contour error estimation approaches. We also confirm that the computational cost of the nTPCF based control approach is acceptable in real-time industrial control systems.
